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ABOUT THE GIBBS-APPEL EQUATIONS FOR 
MULTIBODY SYSTEMS 
NGUYEN VAN KHANG 
Department of Applied Mechanics, Hanoi University of Technology 
Abstract. In this paper a matrix form of Gibbs-Appel function is recommended for multi-
body dynamics formulations. The form"" ·proposed in this paper seems to be more clear 
and suitable for automatic generation of dynamical equations of motion. The advantages 
followed from the formulation prop_psed are illustrated through an example. 
1. INTRODUCTION 
Gibb-Appel equations were introduced by Gi.bbs in 1879 [1] and were subsequently 
studied and formalized by Appel in 1900 [2] . The Gibbs-Appel equations for the non-
holonomic syst em constituted of n particles have been shown in a lot of specialist books 
[3 ,4]. 
In this paper we consider a system S constituted of p rigid bodies. The Gibbs-Appel 
function is defined as [5,6] 
G = ~ j a2dm 
(S) 
and the equations of motion are obtained by 
fJG 
-8 .. = rri , (i = 1, .. ., J) 'Tri 
(1.1) 
(1.2) 
where rri is t he quasi-active force, 'Tri is the quasi-coordinate, f is the number of degrees 
of freedom of t he system. . 
The subject of this paper is the proposition of a useful matrix form of Gibbs-Appel 
function of multibody system. The formulation is aimed at more automatic and clear 
generation of t he dynamical equations of motion. 
2. THE MATRIX FORMULATION OF GIBBS-APPEL FUNCTION 
As shown in Fig. 1, which depicts a rigid body in the three-dimensional space, the 
global position of an arbitrary point on the body can be written as 
r = f'A + u (2.1) 
By differentiating Eq. (2.1) with respect to time one obtains the velocity of an arbitrary 
point on the rigid body 
v= VA +w x a. (2.2) 
The time derivative of Eq. (2 .2) gives acceleration relation as 
a:= a:A +a x a+ w x (w x ii) (2.3) 
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1  - 2 d  
- a  m  
2  
F i g .  1 .  R i g i d  b o d y  i n  t h e  s p a c e  
B y  s u b s t i t u t i n g  E q .  ( 2 . 3 )  i n t o  E q .  ( 2 . 1 ) ,  o n e  o b t a i n s  t h e  G i b b s - A p p e l  f u n c t i o n  o f  t h e  
r i g i d  b o d y  
G  =  ~ j  a
2
d m  =~ j  [ a A  + a x  a +  w  x  ( w  x  i 1 ) ]
2  
d m  
B  B  
=  ~ j  {a~ +  ( a  x  u )  
2  
+  [  w  x  (  w  x  u )  J 2  +  2 a  A  ( a  x  a )  
B  
+ 2 a A  [ w  x  ( w  x  u ) J  +  2  ( a x  a )  [ w  x  ( w  x  a ) ] }  d m  
E q u a t i o n  ( 2 . 4 )  i s  d i v i d e d  i n t o  s i x  p a r t s ,  a s  s t a t e d  i n  e a c h  l i n e  a n d  c a l c u l a t e d  b e l o w  
1  1 1 - 2  d  1  - 2  
p a r t  =  2 '  a  A  m  =  2 m a  A  
B  
2  1  J  ( - - ) 2  d  1  - ( f  - )  
p a r t  =  2 '  a  x  u  m  =  
2
a  A D ' .  
B  
p a r t  3  =  J  a A  ( a  X u )  d m  =  a A ( a  X  J  u d m )  =  m a A ( a  X  u c )  
B  B  
p a r t  4  =  J  a A  P X  ( w  X  u ) J  d m = a A  [ w  X  J  ( w  X u )  d m ]  =  m a A  [ w  X  ( w  X  u c ) ]  
.  B  B  
p a r t  5  =  j  ( a x  a )  [ w  x  ( w  x  u ) J  d m  = a w  x  ( l w )  
B  
p a r t  6  =  ~ j  [ w  x  ( w  x  i 1 ) ]
2
d m  
B  
( 2 . 4 )  
( 2 . 5 )  
( 2 . 6 )  
( 2 . 7 )  
( 2 . 8 )  
( 2 . 9 )  
( 2 . 1 0 )  
w h e r e  m  i s  t h e  m a s s  o f  t h e  b o d y ,  u c  i t s  t h e  l o c a l  c e n t e r  o f  m a s s  p o s i t i o n ,  ~A t h e  a c c e l -
e r a t i o n  o f  t h e  p o i n t  A ,  w  t h e  a n g u l a r  v e l o c i t y ,  a  t h e  a n g u l a r  a c c e l e r a t i o n ,  ' 4  t h e  i n e r t i a  
t e n s o r  o f  t h e  b o d y  w i t h  r e s p e c t  t o  p o i n t  A .  
S u b s t i t u t i n g  E q s .  ( 2 . 5 )  - ( 2 A ·O )  i n t o  E q .  ( 2 . 4 ) ,  w e  g e t  
G  1  - 2  1  - ( f '  - )  - (  - - )  - [ - (  - - ) ]  
=  2 m a A  +  2 a  A D ' .  +  m a A  a x  u c  +  m a A  w  x  w  x  u c  
t i  
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+aw x clw) + ~ J [w x (w x u)]2 dm (2.11) 
B 
Note that by the using of Gibbs-Appel equations, one interests only the parts of 
function G, which depend on the quasi-acceleration ii-i. Hence the Eq. (2.11) can be 
expressed in the following form as 
c- = G - ~ j [w x (w x u)] 2 dm (2 .12) 
B 
The function 
1 1 :::: :::: 
a- = 2ma:~ + 2a(IAa) + maA(a x ilc) + maA [w x (w x ilc)J +aw x (!Aw) (2.13) 
is said to be the incomplete Gibbs-Appel function . 
If the mass center C of a body is chosen as the point A the relation (2.13) obtained 
reduces to 
G- 1 - 2 + 1 -(1:::: -) + -- (1::: -) (2 .14) = 2mac 2a. ca. aw x cw 
We now define the incomplete Gibbs-Appel function of the system of rigid bodies as 
follows 
1 p - -
a- = 2 'L [mkabk + ak(fckak) + 2akwk x (ickwk)] (2.15) 
k=l 
wher: mk (k = 1, 2, .. .,p) is the mass of body Bk> ack the acceleration of the mass center 
Ck , fck the inertia t ensor of body Bk with respect to the mass center Ck , ak the angular 
acceleration of body Bk, Wk the angular velocity of body Bk. 
The matrix form of the incomplete Gibbs-Appel function should be expressed as 
p 
a- = ~ L [mka~kaCk +a{ (Ic kak) + 2af Wk(I CkWk)] (2.16) 
k=l 
In t he particular case of a rigid body rotating in three-dimensional space abotit a 
fixed point , which is chosen as the posion point A, according to Eq. (2.13) the incomplete 
Gibbs-Appel function of the rigid body may be expressed as 
a- = ~a(foa) +aw x (fow) (z'.i7) 
For t he general plane motion of rigid body according to Eq. (2 .16) we obtaine the 
following matrix form of the Gibbs-Appel function 
G- = ~[ma~ac + eiT(lc a) + 2aTw(lcw)] (2 .18) 
The expressions of a0 , w, a , I c in Eq. (2.18) can be written in the following matrix 
form 
(2 .19) 
Substit ut ing Eqs. (2.19) into Eq. (2.18) we have 
G- _ 1 ( ·· 2 + ··2) + 1 I .2 - -m Xe Ye - 3a . 2 2 (2 .20) 
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3 .  E X A M P L E  
C o n s i d e r  t h e  m o t i o n  o f  a  s p h e r e  r o l l i n g  o n  a  i n -
c l i n e d  p l a n e  s h o w n  i n  F i g .  2 .  W e  a s s u m e  t h a t  t h e  
s p h e r e  r o l l s  w i t h o u t  s l i p p i n g .  T h e  s p h e r e  h a s  t h e  m a s s  
m  a n d  t h e  r a d i u s  a .  B y  u s i n g  G i b b s - A p p e l  e q u a t i o n s ,  
t h e  e q u a t i o n s  o f  m o t i o n  f o r  t h e  s p h e r e  c a n  b e  d e r i v e d  
a s  f o l l o w s .  
z ,  
z  
y  
L e t  q 1  =  x c ,  q 2  =  y e ,  q 3  =  < p ,  q 4  =  ' l / J ,  q s  =  B  
d e n o t e  t h e  c o n f i g u r a t i o n  o f  t h e  s p h e r e .  T h e  h o l o n o m i c  
a n d  n o n h o l o n o m i c  c o n s t r a i n t  e q u a t i o n s  o f  t h i s  m o d e l  
a r e  w r i t t e n  a s  
F i g .  2 .  A  s p h e r e  r o l l s  w i t h o u t  
s l i p p i n g  o n  a  i n c l i n e d  p l a n e  
z c  =  a ,  x c  - a w y  =  0 ,  i J c  +  a w x  =  0  
F r o m  t h e  E u l e r  k i n e m a t i c s  e q u a t i o n  w e  h a v e  [ 5 ] ,  [ 6 ]  
W x  =  0 s i n B s i n ' l / ;  +  e c o s ' l j ; ,  
W y  =  - 0  s i n ( )  C O S  ' l / J  +  ( } s i n  ' l / J ,  
w z  =  - J ;  +  0 c o s e  
T h e r e f o r e  o n e  c a n  c h o o s e  t h e  q u a s i - v e l o c i t i e s  a s  
i r 1  =  W x ,  i r 2  =  W y ,  J r 3  =  W z  
F r o m  E q s .  ( 3 . 1 )  a n d  ( 3 . 3 ) ,  w e  o b t a i n  
< 1 1  =  ± c  =  a i r 2 ,  
< 1 2  =  i J c  =  - a i r 1 ,  
.  .  s i n q 4 .  c o s q 4 .  
q 3  =  < p  =  - . - - 7 r 1  - - . .  - - 7 r 2 ,  
s m q s  s m q s  
q 4  =  - J ;  =  - i r 1  s i n  q 4  c o t  g q 5  +  i r 2  c o s  q 4  c o t  g q 5  +  i r 3 ,  
< i s  =  e  =  i r 1  c o s  q 4  +  i r 2  s i n  q 4  
T h e  i n c o m p l e t e  G i b b s - A p p e l  f u n c t i o n  r e d u c e s  t o  
- 1  T  1  T  )  T ( -
G  =  2 r n a . c a c  +  2 a  ( I  c a  +  a  w i c w )  
w h e r e  
[  
X C  l  [  W x  1  ·  [  W x  l  
6c  ,  w  =  ~~ ,  a  =  ~~ ,  I  c  =  
[  
I  0  O  l  
0  I  0  
0  0  I  
a c  =  
S u b s t i t u t i n g  E q .  ( 3 . 6 )  i n t o  E q .  ( 3 . 5 )  w e  g e t  
- l  · · 2  · · 2  1  .  2  .  2  .  2  
G  =  
2
m ( x c  + y e ) +  
2
I ( w x  +  W y  +  w z )  
A c c o r d i n g  t o  . . . .  E q s .  ( 3 . 3 )  a n d  ( 3 . 4 )  w e  c a n  a l s o  w r i t e  E q .  ( 3 . 7 )  a s  
G
- l ( I  2 ) · · 2  l ( I  2 ) · · 2  1
1  
. .  2  
=  - +  m a  7 f  
1  
+  - +  m a  7 f  
2  
+  - 7 f  
3  
2  2  2  
( 3 . 1 )  
( 3 . 2 )  
( 3 . 3 )  
( 3 . 4 )  
( 3 . 5 )  
( 3 . 6 )  
( 3 . 7 )  
( 3 . 8 )  
) . .  
1  
About the Gibbs-Appel Equations for Multibody Systems 
The virtual work of the gravity force acting on the sphere is given by 
8A = -mga sin a 07r1 
This implies that 
II1 = -mga sino:, II2 = 0, Il3 = 0 
The equations of motion for the sphere in the form (1.2) lead to 
(I+ ma2)7i'1 = -mga sina, 
(I+ ma2)7i'2 = 0, 
I1i'3 = 0 






In many applications it is convenient to formulate the dynamical equations not in the 
generalized coordinates q but in quasi-coordinates 7r = [7r1, 7r2, .. ., 7rJf· In this paper the 
calculation of Gibbs-Appel function for multibody systems is considered. The advantages 
ensue mainly from the matrix formulation of Gibbs-Appel function for each body of the 
considered system. The approach and the matrix formulation seems also be well suited 
for development of computer algorithms. 
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VE CAC PHUONG TRINH GIBBS-APPEL CUA H~ NHIEU V~T 
Trong bai bao nay trlnh bay vi~c xay di,mg d0ng ma tr%n cua ham Gibbs-Appel cho 
h~ nhieu v~t. D9-ng ma tr~ neu ra ph\J.c V1;1 thu~n ti~n cho vi~c tv d{mg 'hoa thiet l~p 
phm:mg trlnh chuyen d(mg cua cac h~ nhieu v~t phi h616n6m. Cac U'U diem cua cong thuc 
neu ra da dtrqc khao sat qua m<)t thf d\]. minh h09'. 
